Abstract. A variety 2^ of rings has definable principal congruences if there is a first-order formula defining principal two-sided ideals for all rings in 'V . Any variety of commutative rings has definable principal congruences, but many noncommutative rings cannot be in a variety with definable principal congruences. We show that a finite ring in a variety with definable principal congruences is a direct product of finite local rings. This result is used to describe the structure of all finite rings R with J(R)2 = 0 in a variety with definable principal congruences.
Introduction
A variety 'V of rings has definable principal congruences (two-sided ideals) if there is a formula in the first-order theory of rings that defines principal (twosided) ideals for all rings in W. Any variety "V of commutative rings has definable principal congruences since if Re'V and x, y e R then jc is in the principal ideal generated by y (denoted RyR in this paper) if and only if the first-order formula (¡>(x, y) := 3z(x = yz) is satisfied.
Earlier work on varieties of rings with definable principal congruences [SI, S2] has shown that, in a variety with definable principal congruences, rings that meet certain structural conditions, such as primitivity or primeness, must be commutative. In view of these results and others, it seems natural to view rings in varieties with definable principal congruences as being, in some sense, generalizations of commutative rings.
The concept of definable principal congruences originated in universal algebra [BB] . A variety 'V of (universal) algebras has definable principal congruences if there is a first-order formula in the language of 7^ that defines principal congruences for all algebras in 'V. It was shown by Tulipani [T] that a variety with definable principal congruences has definable «-generated congruences for every positive integer n .
An interesting question that has stimulated further work is whether the variety generated by a finite algebra must have definable principal congruences. This has been investigated by McKenzie [Ml] for varieties of lattices, Burns and Lawrence [BL1] and Baker [B] for locally finite varieties of groups, and Kiss [K] for congruence distributive varieties generated by a finite algebra. This paper deals with the structure of finite rings in varieties with definable principal congruences. We are primarily interested in finite noncommutative rings in varieties with definable principal congruences, since any variety of commutative rings has definable principal congruences. Unlike the commutative case, there are finite noncommutative rings that cannot be in any variety with definable principal congruences [BL1] . Some examples of finite noncommutative rings in a variety with definable principal congruences are given in [SI] and [S3] .
It was shown in [S1 ] that certain kinds of rings in varieties with definable principal congruences, such as semiperfect algebras over finite fields, are isomorphic to a direct product of local rings. It is well known that any finite commutative ring is a direct product of local rings. The major result of this paper is to extend this to finite rings in varieties with definable principal congruences-any finite ring in a variety with definable principal congruences is a direct product of local rings. As an application of our result, we determine the structure of a finite ring R with J(R)2 = 0 in a variety with definable principal congruences.
Notation and preliminary results
The term 'ring' means 'ring with identity' in this paper, so the language of rings used is {+,-,-, 0,1}. The term 'polynomial' refers to a polynomial in this language. These can be regarded as (ordinary) polynomials in noncommuting indeterminates with integer coefficients. If R is a ring, then we use V (R) for the variety of rings generated by R, J(R) for the Jacobson radical of R, P(R) for the prime radical of R, U(R) for the multiplicative group of units of R, [x, y] for the commutator xy -yx of any two elements x and y of R, C(R) for the commutator ideal of R (the ideal generated by all commutators [x, y] in R), and Nil(R) for the upper nil radical of R (the unique largest nil ideal of R).
In our study of finite rings, two other types of rings will often appear, namely, semiperfect rings and local rings. Some essential facts about these two types of rings are given here for the reader's convenience. Any standard text on ring theory, such as [AF] or [Ro] , should contain these results.
A ring R is local if and only if R/J(R) is a division ring. Any homomorphic image of a local ring is also a local ring. In a local ring R, the ideal J (R) consists of all the nonunits of R, so every element of R is in either J(R) or U (R) . If R is a local ring and x e R, then either x or 1 -x is a unit.
Consequently, the only idempotents of a local ring are 0 and 1.
A ring R is semiperfect if and only if R/J(R) is a semiprime Artinian ring and idempotents of R/J(R) can be lifted to idempotents of R. This means that if x + J(R) is an idempotent of R/J(R), then there is an idempotent e of R such that e -x e J (R) . An important characterization of semiperfect rings is that R is semiperfect if and only if there is a finite set ex,e2, ... ,en of idempotents of R such that t?,e, = 0 for all i ± j, ex-\-V en = 1, and e¡Re¡ is a local ring for i = 1,2, ... , n . From this characterization, it follows that a commutative semiperfect ring is a finite direct product of local rings. The class of semiperfect rings includes all finite, Artinian or local rings, as well as many non-Artinian Noetherian rings.
The fundamental criterion for determining whether a variety of rings has definable principal congruences is given in the following theorem.
Theorem 2.1 [BL1] . If K is a class of rings, then V(K) has definable principal congruences if and only if K satisfies an identity of the form
where n and k are integers, n > k > 1, x = (xx, ... , x"), ~z = (zx, ... , zn), and r¡(x, y, Y), and s¡(x, y ,z), 1 < i < k, are polynomials.
This furnishes another demonstration that if R is a commutative ring then V(R) has definable principal congruences, since any commutative ring R satisfies the identity Y7,l=x xtyzi = ly(I3;=i xizd ■ If a variety 'V of rings has definable principal congruences, then it satisfies an identity of the form given in Theorem 2.1. A first-order formula defining principal congruences (two-sided ideals) in the variety 'V would be <l>(x, y) := 3*1,..., xk, zx,..., zk I x = ^x,j;z,-1 .
If R e y and x, y e R, then x e RyR if and only if (p(x, y) holds. If a variety 'V of rings has definable principal congruences, then any ring Re'V will generate a variety with definable principal congruences, since V(R) ç "V.
Some of the principal results from earlier papers about the structure of rings generating varieties with definable principal congruences are summarized in the following two theorems. Theorem 2.2 [SI] . Let R be a nontrivial ring. Then V(M"(R)) does not have definable principal congruences if n > 2. Theorem 2.3 [SI, S2] . If R is a ring and V(R) has definable principal congruences, then:
(a) R is a polynomial identity (PI) ring;
(b) if R is primitive, then R is a field;
(c) if R is semiprime, then R is commutative; (d) if R is an algebra over a field, then all idempotents of R are in the centre of R ; and (e) if R is an algebra over an infinite field, then R is commutative.
The next two theorems appeared in [S3] and are used later in this paper. They are included here with proofs for the reader's convenience. Theorem 2.4. Suppose that 'V is a variety of rings with definable principal congruences and that Re'V.
Let N be the set of nilpotent elements of R. Then N is a two-sided ideal of R, N = Nü(Ä), C(R) ç P(R) = N ç J(R), and R/J(R) is a subdirect product of fields in T~.
Proof. Since 'V has definable principal congruences, Theorem 2.3(c) shows that R/P is commutative, so C ç P. For any ring, P(R) is a nil ideal, so C is a nil ideal. Then N/C is an ideal of the commutative ring R/C, so N is a two-sided ideal of R. Clearly, N is the largest possible nil ideal of R, so W = Nil(R) ç J . Since R is a Pi-ring, P = Nil(R) = N [P, p. 40] . Finally, the semiprimitive ring R/J is a subdirect product of its primitive images. These primitive rings are in 'V and so, by Theorem 2.3(b), they must be fields. D
In particular, if i? is a finite ring in a variety 'V with definable principal congruences, then P(R) = Nil(R) = J(R) = {x e R\x is nilpotent} since J (R) is nilpotent, and R/J(R) is isomorphic to a finite direct product of finite fields in V by the Artin-Wedderburn theorem and Theorems 2.2 and 2.3(b).
Theorem 2.5. Let V be a variety of rings with definable principal congruences, and let R be a subdirectly irreducible ring in W with nonzero characteristic. If C(R)J(R) = 0, then R has no nontrivial idempotents.
Proof. Suppose that e is an idempotent of R other than 0 or 1. Let C = C(R) and J = J (R) . Then eJ is a two-sided ideal of R, since for x e R and j e J we have (xe -ex)j e CJ = 0, so xej = exj e eJ. Similarly ( 1 -e)J is a two-sided ideal of R, and since eJ n ( 1 -e)J = 0, either eJ = 0 or (1 -e)J = 0, as R is subdirectly irreducible. Without loss of generality, suppose that eJ = 0. Then Re is a two-sided ideal of R, since for r e R we have e(er -re) e eC ç eJ = 0 and so er = e2r = ere e Re. Since R is subdirectly irreducible with nonzero characteristic, it has characteristic pk for some prime p and positive integer k . Then p e J and ep = pe e eJ = 0 ; hence, Re n Rp = 0. Since Re ^ 0, we must have Rp = 0. Therefore, R has characteristic p. Then R is an algebra over the field GF(p) and Theorem 2.3(d) shows that all idempotents of R are central. Thus e is a nontrivial central idempotent, but this is impossible since R is subdirectly irreducible. Therefore, R has no nontrivial idempotents. D
Varieties generated by finite local rings
We begin with some simple observations about the structure of rings in a variety generated by finitely many finite local rings. Theorem 3.1. Let V be a variety of rings generated by a finite set of finite local rings. Then: (i) there is an integer n > 1 such that [x" , y] = 0 is an identity of all rings in V;
(ii) if Re'V, then all idempotents of R are central; and (iii) if Re'V is semiperfect, then R is isomorphic to a finite direct product of local rings.
Proof. Let Sx,... , Sk be the finite local rings generating V. For each i, U(S() is a finite multiplicative group and J(S¡) is nilpotent. Thus there are integers u¡ > 1 and j¡ > 1 such that if x e U(S¡) then xUi = 1 and if y e J(Si) then yj< = 0. Let n¡ be the smallest multiple of u¡ that is greater than or equal to j¡. Then since S¡ is local, x"< is either 0 or 1 for all x e S,■, so Si satisfies the identity [jt*', y] = 0. If n is the least common multiple of nx,... ,nk, then each S¡ satisfies the identity [x" , y] = 0. Since Sx, ... , Sk generate V, all rings in V satisfy this identity. If R e V, then R satisfies [x" , y] , so if e e R is an idempotent, then e = e2 = e" and [e, y] = 0 holds for all y e R. Therefore, e is central in R. If R e V is semiperfect, then R contains a finite orthogonal set of local idempotents, each of which must be central in R. Hence R is isomorphic to a finite direct product of local rings. D
The following theorem is the main result of this paper. It shows that a finite ring in a variety with definable principal congruences lies in a subvariety generated by finitely many finite local rings, so the structure results of the previous theorem apply.
Theorem 3.2. Suppose that V is a variety of rings with definable principal congruences and R e V is finite. Then R is isomorphic to a finite direct product of finite local rings.
Proof. Since R is finite, J(R) is nilpotent and [AF, Proposition 27.17] shows that e e R is a central idempotent if and only if e + J(R)2 e R/J(R)2 is a central idempotent. Thus, if every idempotent of R/J(R)2 is central, then every idempotent of R is central, and since R is semiperfect, this implies that R is isomorphic to a finite direct product of finite local rings.
Without loss of generality, we can therefore assume that R is finite and J(R)2 = 0. By the remarks after Theorem 2.4, R/J(R) is isomorphic to a finite direct product of finite fields. Then there is an integer n > 1 such that r = r" for all r e R/J(R), so z -z" e J(R) for all z e R. By Theorem 2.4,
R is a subdirect product of its subdirectly irreducible homomorphic images Sx, ... ,Sk,so V(R) = V(SX, ..., Sk) and each S¡ satisfies the identity [x, y] (z -z") = 0 since R does. If z e J(S¡), then 1 -z"~x is invertible and so [x, y]z = 0. This implies that C(Sj)J(Sj) = 0. Then by Theorem 2.5, S¡ has no nontrivial idempotents. Since S¡ is semiperfect, this means that S¡ is a finite local ring. By Theorem 3.1, R is isomorphic to a finite direct product of finite local rings and every idempotent of R is central. D From this and Theorem 3.1, we can deduce the following results about finite rings in any variety with definable principal congruences. Corollary 3.3. If W is a variety of rings with definable principal congruences and R e V is finite, then every idempotent of R is central and there is an integer n > 1 such that R satisfies the identity [xn, y] = 0.
Corollary 3.4. If V is a variety of rings with definable principal congruences and S e V is finite and either subdirectly irreducible or directly indecomposable, then S is a local ring.
If a variety with definable principal congruences is generated by a finite ring, then the following result, similar to the above but slightly stronger, can also be deduced immediately from Theorems 3.2 and 3.1.
Corollary 3.5. If R is a finite ring such that V(R) has definable principal congruences and S e V(R) is semiperfect and either subdirectly irreducible or directly indecomposable, then S is a local ring. Corollary 3.6. If R is a finite ring and V(R) has definable principal congruences, then there are finite, subdirectly irreducible, local rings Sx, ... , Sk such that V(R) = V(SX,... ,Sk) and R is a subdirect product ofSx, ... , Sk. If J(R)" = 0, then S\,... ,Sk can be chosen so that J(S,)" = 0 for i = 1, ... , k. Proof. By Theorem 3.2, R is isomorphic to the direct product of local rings Ax, ... , Am. Since J(R)n = 0, it follows that J(A¡)" = 0. Each A¡ is a subdirect product of its subdirectly irreducible homomorphic images, say A¡j , for j = 1, ... ,k¡. Since A¡ is local, so is each A¿j and J(A,)" = 0 implies that J(Aij)" = 0. Then R is a subdirect product of all the Ai} , so V(R) = V({AU}) and each A¡j is a finite, local, subdirectly irreducible ring with J(A¡j)" =0. D
4. Finite rings with J2 = 0
As an application of our results, we determine the structure of a finite ring R in a variety V with definable principal congruences, when J(R)2 = 0.
There is a way of representing finite local rings as rings of matrix-like objects, called Szele matrices, due to Wilson [W] . This representation uses the Galois rings that were introduced independently by Raghavendran [R] and Janusz [J] , although they were apparently also known much earlier to Krull. Galois rings are finite, local rings that can be viewed as a common generalization of both finite fields and the rings Z/p"Z, where p is a prime and n a positive integer. We use the notation GR(p" , r) for the Galois ring (Z/p"Z)[x]/(f), where / is a monic polynomial of degree r that is irreducible modulo p. This construction is independent of the choice of / (up to isomorphism). GR(pn, r) is commutative and has characteristic p" , the Jacobson radical of GR(p", r) is pGR(p" , r), and GR(p" , r)/pGR(p" , r) 2 GF(pr).
Theorem 4.1. Let R be a finite ring with J(R)2 = 0 contained in a variety V with definable principal congruences. Then R is a subdirect product of rings of the following three types, for various primes p, positive integers r, and automorphisms o :
(i) GF(pr), (ii) GR(p2,r), (iii) (g ab{a)), where a, b e GF(pr) and o is an automorphism of GF(pr).
Proof. By Corollary 3.6, R is a subdirect product of finite, local, subdirectly irreducible rings Tx, ... , Tk with J(T¡)2 = 0 for i = 1, ... , k. It follows from the results of Wilson [W] (see also [S3, Theorem 4.1] ) that the only finite, local, subdirectly irreducible rings T with J(T)2 = 0 are the three kinds of rings listed. Therefore, R is a subdirect product of these three types of rings. □ Note that Galois fields and rings are commutative but rings of the third type are commutative if and only if o is the identity map. Each of these types of rings generates a variety with definable principal congruences, the first two types since they are commutative. The third type was shown to generate a variety with definable principal congruences in [S3] . Rings of this third type were shown to satisfy identities of the form xy = yp(x, y) and xy = q(x, y)x, where p and q are polynomials in which each term has degree at least two. The varieties generated by rings of this type are residually small, that is, there is a bound (which can be shown to be finite) on the size of the subdirectly irreducible rings in the variety. Residually small varieties of rings are characterized in [M2] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use It is not known to the author if an arbitrary subdirect product of these three types of rings always generates a variety with definable principal congruences, so it is possible that not all rings of this form generate varieties with definable principal congruences. See [S3, §4] for some details on when products of these types of rings generate varieties with definable principal congruences.
